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Abstract 



Let fM and v be fixed probability measures on a filtered space (O, (•7 r t) fG R+, Denote 



by /Ut and ut (respectively, ht- and fT-) the restrictions of measures \x and v on .Fy 
(respectively, on Tt~) for a stopping time T. We can find a Hahn-decomposition of ut 
and ut using a Hahn-decomposition of measures /i, v, and a Hellinger process ht in the 
strict sense of order ^. The norm of the absolutely continuity component of fiT- relative 

^ ! 

to vt- in terms of density processes and Hellinger integrals is computed. 

CO 

Introduction. The question of absolute continuity or singularity of two probability mea- 
sures has been investigated a long time ago, both for its theoretical interest and for its applica- 

O 



tions to mathematical statistics, financial mathematics, ergodic theory and others. S.Kakutani 
in 1948 |8j, was the first to solve this problem in the case of two measures having an infinite 
product form. Yu.M.Kabanov, R.Sh.Liptser, A.N.Shiryaev [6] and |7j(see also [TOj, §6,ch. 7) 
generalized this result for measures on the cx-algebra B which is generated by an increasing se- 
quence of a-algebras B n (under the condition of their local absolute continuity). A.R.Darwich 
[3] extended theorem 4 of Yu.M.Kabanov et al. [6]. Let \x and v be fixed probability measures 
on a filtered space (Q, (J 7 t)teB.+ , J 7 ) with a right continuous filtration and T = \ZtFt- Let \it- 
and v T _ be the restrictions of the measures \x and v on JF T _ for a stopping time T. Denote by 
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Ht and ut the restrictions of \i and v on Tt- The following question, which has been considered 
by several authors, is the main theme of the chapter IV of the book [5]: 

Problem 1. Under which conditions can we assert that <C Vt or /It -L ^t? 

This problem can be attacked through the "Hellinger integrals" and the "Hellinger pro- 
cesses". However, a situation may naturally occur, where the two measures are neither (locally) 
absolutely continuous nor singular. Schachermayer W. and Schachinger W. [9| have raised the 
more general question: 

Problem 2. Can we find a Hahn- decomposition of ut and ut? 

In [5] and [9] the authors have looked for the answers to these questions using the values of 
the Hellinger processes of different orders at time T (i.e. in "predictable" terms). 

Let us denote Q = |(// + v), z and z' the density processes of /i and v relative to Q. Let 
S n = mf(t : z t < - or z' t < -). The stopping time S is the first moment when either z or z' 
vanishes, 

5 = inf(t : «t = or z' t = 0). 

The process Y(a) = z a z' 1 ~ a , where a G (0; 1) (if a = 0.5 we shall write Y t = \J z t z' t ) is 
a Q-supermartingale of the class (D). Let Y = M — A be the Doob-Meyer decomposition of 
Y and let h t denote the Hellinger process of order | in the strict sense. Then h t and A t are 
connected as follows, see [5j, IV. 1.1 8, 

A VI ♦// . // ( T^li - ) • A . 



V_ 

The Hellinger process h(0) of order is defined as the Q-compensator of the process (see 
[5], IV.1.53, where 0/0 = 0) 

A ° = ^ 1 {° <5< ^' 4=0<4-} 1 [5,oo[" ( 2 ) 

A stopping time T is called a stopping time of a process X if: 1) X = X T , 2) if X = X u , 
then T $C U. It is easy to see that for any right continuous process there exists its stopping 
time. Importance of this notion for problem 2 is demonstrated in theorem [2] 

Let X be a process and T be a stopping time. Taking into account the evident physical 
interpretation: the process X T ~ = Xh . T [ be called the process X interrupted at the moment 
T. 

A decomposition Q = EL\E C 1 where E c = fl\E, is called a Hahn-decomposition of measures 
\i and v if: 1) \i ~ v on the set E; 2) /i _L v on the set E°. 



It is clear that the stopping time S plays an important role. It is easy to give a simple 
answer to problem 2 if we know S and the set B = {0 < < 2} on which /J ~ v. A.S.Cherny 
and M.A.Urusov [TJ added a point 6 to [0; oo] in such a way that S > oo and considered the 
separating time S for \i and v. 

S(uj) = S(w) if u e B c and S(u) = 5 if u e B. 

The following theorem is proved in [TJ. 

Theorem. For any stopping time T we have 

fi T ~ v T on the set {T < S} and \it -L vt on the set {T > S}. 

In [2] the authors computed of S in many important cases. 

However, if we know only S and the process h, the answer to problem 2 is the following. 
Theorem 1. Let 

E = ({T < S}U{T = S, T = oo}) n {h T < oo} 

E c = ({S < T} U {S ^ T, T < oo}) U {h T = oo}. 
Then \lt ~ vt on the set E and ht -L on the set E°. 

loc 

In particular, if /x z/, then = oo and corollary IV. 2. 8 [5J follows from Theorem [TJ 

Theorem [TJ leads us to deciding the next problem: 

Problem 3. Find the stopping time S. 
(Of course, using only "computable processes" as h in a concrete situation.) It is easy to do if 
we know h and a Hahn-decomposition of measures ji and v. 

Theorem 2. Let H be the stopping time of h. Then 

1. H coincides with the stopping times of processes A,M,Y,z and z' . Moreover 

H and {H < S} = {0 < z H < 2} C {S = oo}. (3) 

2. fi ~ v on the set {H < S}, and S = H{ H=S }. 

3. {H = S} = {E[{S = oo}\F H ] = 0} U {H = oo}. 

4- Lf B U B c is a Hahn-decomposition of measures /i and u, where /i ~ v on B , then 

S = Hfic. 
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Equality (J31) shows that in order to find S we must separate two sets 

{Y H = < Y H - , < H < oo } and {Y H > , < H < oo } (4) 

(since, by theorem 5 [9], the sets {Y H _ = 0,0 < H} and {hu = oo,0 < if} are coincide, the 
set {S = 0} is defined by initial conditions and {H = 0} = {h = 0}). 
We shall prove these theorems in section 1. 

If T = oo then JF T = JF T _. Hence the following problem is interesting too. 

Problem 4. Find the norm of the absolutely continuous component of /j<t- relative to Ut-- 

In section two we solve this problem (in terms of density processes and Hellinger integrals) . 

Let M + (f2) be the set of all nonnegative finite measures on Q. A measure /i G M + (f2) is 
called probabilistic if /i(fi) = 1. For fi, v G M + (f2) we write /i z/ (respectively: /i J_ v) if /i is 
absolutely continuous (singular) relative to z/. Mutual absolute continuity (equivalence) and 
we denote by /x ~ v. If /i = /ii + /i 2 , with /ii ± /i 2 , then /ii and /i 2 are called parts of /i. 

Let /i, v G M + (Q). Then we can write them in the form 

\i = /i 1 + /i 2 , = z/ 1 + z/ 2 , with /i 1 ~ v 1 , fi 2 J_ z^, z/ 2 J_ /i, 

- the Lebesgue decomposition of the measures \i and z/ relative to each other. We denote the 
derivation of /x relative to v by Then 

— = — r, z/ — a.e. ; and — = 0, [y + fi ) — a.e. 
du dv v dv 

loc 

A measure /i is called locally absolutely continuous relative to a measure v (/i <S z/), if 
/it <C , Vt. The biggest (by norm) part a of /i (it exists by the Zorn Lemma) such that 

Zoc 

a v we denote by /i and call it the locally absolutely continuous part of [i relative to v. The 
part ft, — /i — jl of fj, is called the asymptotic singular part of /i relative to v. The fact fl = 

as 

we shall write as /i _L v. (Justification of the title "asymptotic singular part" is contained in 
lemma 31) 

Let a G (0; 1). The number H(a; /i, v) = E P [F(a)], where Q -C P, is called the Hellinger 
integral of the order a. 

In the following theorem we give the solution of problem 4. We note that for this theorem 
it is enough to know only the density processes z T ~ and z' T ~ interrupted at the moment T; 
z , z' and the system C = {JF and A fl {t < T}, A G Tt\ that generate Tt-- 

Theorem 3. Let probability measures /i, v and P on (fi\jF, F = (J-'t)) be such that 

loc loc 

/j<P,i/<P. Let z and z be the density processes of /i and v relative to P respectively. Then 



for every stopping time T the following is true 



n2 n 

E 

k=l 



W(lMr-)a\\ =lim™ o S^J Zqz'\ a l {T = }dP + J z™z'\ a l {n<T} dP n + 

/r r ii a rr 11 i — a 

E z ±_ \ ( k-i.rp^ k \ \J~ k-i E z k 1 r fc-i ^rp^ k i \J~ k-i dP fc-i > , (5) 
L L 2 n 1~2^ - ^-' — 2^ J 1 2™ J J [ L 2" ll? 5- ^ -2^/ 1 2" J J 2™ 



where (yU-r_) a is i/ie absolutely continuous part [Lt- relative to Vt-- 

It is interesting that for a predictable stopping time we can compute both the norm and 
the density of the absolutely continuous part of fix- relative to vt~- 

Theorem 4. Let fi and v be two probability measures on (Q,F,F = (Ft)). Let T is 
predictable and a sequence {V n } is an announcing sequence for T . Then 

|I0"t-)J =iim H(a; /j, Vn , u Vn ) and d ^ T ~^ a = \i m ^^ v "^ a , v T _ - a .e. } 

where (/iT-)a is the absolutely continuous part of u T _ relative to vt~- 
Our proof of theorem [3] is in three steps: 

1) We shall prove theorem [3] for the case when T = oo and the time-set is N. 
As a consequence, the Kakutani theorem will be proved. 

2) We shall compute E[Mt|.Ft-], where (M t ) is a martingale of the class (D). 

It is well known that, if T is predictable and a sequence {V n } is an announcing sequence 
for T, then the following equality is true: E[z r |jF T _] = z T _. This equality is not true in the 
general case. Our result give us a simple explanation (on example [4], ch. V, example 44) of 
the well known fact that zt-, generally speaking, is not integrable. 

3) The general case will be solved. 

I. Hahn-decomposition of measures ht and v T 

In the sequel, all the equalities and the inclusions of sets are considered up to Q-null subsets. 

Proof of theorem [H By lemma IV.2.16 [5], we have {T < S} n {h T < oo} = {T < S}. 
By definition of S, z T ■ z' T > on the set {T < S}. Hence \ir ~ Qy ~ v T on the set {T < S}. 

By theorem 5 [3], Zr — Zoo > and z' T = z'^ > on the set E\ := {T = S, T = oo} PI {hx < 
oo}. Thus we have \it ~ Qr ~ on the set E\. 

Set E 2 = {S < T} U {S ^ T, T < oo}. Then, by definition of S, we have z T ■ z' T = 0. 
Therefore E 2 C {z T = 0} U {z' T = 0}. Since fi({z T = 0}) = v({z' T = 0}) = 0, then \i T _L v T on 
the set E 2 . 



By theorem 5 [9], we have zt • z' T = on the set {hr = oo}. Hence \it -L vt on this set. 
Theorem [T] is proved. □ 

Proof of theorem El Let T Y , T M , T z and T z i be the stopping times of processes Y, M, z and 
z' respectively. Since z + z' = 2, then T z = T z > and Ty ^ T z . By uniqueness of the Doob-Meyer 
decomposition, we have 

T M ^ T Y and H ^T Y . (6) 

Let /i = /jL a + fi s , u — u a +u s , where /i a ~ v a , fj, s A- v, [A _L i/ s , be the Lebesgue decomposition 
of measures /i and z/. Then 2 = 2 a + 2; s , = z' a + z' s , where z a , z s , z' a , z' s are the density processes 
of corresponding measures relative to Q. Hence 

Y = y/(z a + z s ){z' a + z' s ) , Foo = \/z aoo z' aoD . (7) 

Let H ^ T. Since Y* belongs to the class (D), then 

E[M ] = E[y T ] + E[A r ] = E[F T ] + E[A H ] = E[Y H ] + E[A H }. 

Hence 

E[Y T ] = E[Y H }. (8) 
Since Y is a supermartingale, then (jHJ) yields 

= E[y T | .Ft,] , V # ^ C/ < T. (9) 

Let T = oo and U = H. By ((71) we can rewrite equality j9l) in the form 

yJ{zaH + z sH ){z' aH + z' sH ) = E[^/z~zl^\F H ] ^ ^z aH z' aH . (10) 

Let /i a ^ 0. Then {JD} yields (Q-a.s.) 

z s h • 4f = z h ■ z' sII = and (11) 

Y aU = E[Y aT \Tu\ , VH<:U^T. (12) 

Let Z = = jr be the density process of measure \i a relative to v a (we remind that 0/0 
=0). Then Z is a z/ a -martingale of the class (D) and equality (fT2l) equivalent to 

v^j/ = E Ua [Vz T \Fu\ , V H^U^T. 
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Therefore v Z and Z are ^-martingales starting from the moment if. This is possible only if 
K-a.s.) 

Z = Z H . (13) 
By f TTTT) we have z a + z' a — 2 on the set [i/, oo[ z/ a -a.s. Hence (fT3l ) yields 

Y = z a on the set [H, oo[ (i/ — a.s.). 

Therefore for alH ^ if we have (v a -a.s.) 

2 = (z a ) t + «) t = (z a ) t (l + 

and (z a )t G (0; 2) does not depend on £. By fTTTT ) the equality {0 < z a u < 2} = {Yh > 0} holds 
Q-a.s. Hence 

H = T Y = T Z = T z i on the set {2 > z aH > 0} = {y H > 0}. 

If uj G {Yff = 0} then either zj? = or zj, = 0. Hence lemma III. 3. 6 [5] yields if = 
T Y = T Z = T z >. If /i a = 0, then (p]) and Q yield 7 = on the set [if, oo[. Hence T Y < H. 
Inequalities ((HD yield T Y = H and it is evidently that T Y < S\ Therefore 

if s$ S and {ff < 5} = {0 < z H < 2} C {5 = oo}. 

and ((3|) is proved. 

It remains to prove that if is a stopping time of h. It follows from (PQ) and ([3|) that h = h H . 
On the other hand, if h = h T , than (pQ), ((3]) and lemma IV. 2. 16 [5] yield A = A T on the set 
{T < if}. Then, by definition of if, Q({T < if}) = 0. Hence there exists a stopping time of h 
and it is equal to if. 

2. It is an evident consequence of item 1. 

3. Set L = {E[{S = oo}\F H ] = 0} G T H . We shall show that L C {S < oo}. Set 
C = L n {S = oo}. Then 

E[1 c \Fh] < n{S = oo}\F H ] {E[l c \F H \ > 0} C tt \ L , 

E[1 C \F H ] < E[1 L |^ H ] = U {E[1c\Fh} > 0} C L . 

It is possible only if Q(C) = and Ic{S< oo}. Therefore, it follows from ([3D that if = S 
on the set L and {if = S 1 } D {if = oo}. Hence 

{if = S} D L U {if = oo}. 



Set K = {H = S} fl {H < 00} G Tu- We shall prove the inverse inclusion. To do this it is 
enough to prove that K C L. Since K C {S < 00}, then Ik ^ l{s , <oo}- Thus 

l K = E[l K \F H \ <; E[{S < oo}\F H ] = 1 - E[{S = oc}\F H \. 

This implies that E[{S = oojlJF^] = whenever cu G K. Therefore K <Z L. 
4. By theorem [T] (T = 00) and the definition of H, we have 

B c = {S < 00} U {/ioo = 00} = {S < 00} U {h H = 00} = 

{£ < 00} U {i/ < 00, h H = 00} U {H = 00, h H = 00}. 

Theorem 5 [9j and © yield {S < 00} U {H < 00, h H = 00} C {H = S}. Thus (using H < S) 
S = H B c. Theorem [2] is proved. □ 

Remark 1. Set 5° = S Un {s„=s}- Definition IV. 1.24 [5] and theorem 5 [9j give that any 
Hellinger process of order \ is equal to //, v) = h + A'l^ s0 ^ where A' is a predictable 
increasing process. Then the stopping time H' of the process b! = h + £l] s0oo [ i s equal to 
H{H<s}u{h H =oo}- This is the greatest stopping time of Hellinger processes of order | when H is 
the smallest one. It is obviously that S = H{H<H'}u{h H =oo}- 

Theorem [2] shows the importance of the stopping time H of the process h. In conclusion of 
this section we show that the knowledge of the stopping time H of the process h(0) does not 
determine S. 

Proposition 1. Set N Q = {0 < S < 00, z' s = < z' s _}. Then there exists the stopping 
time H of h(0) which equals 

H = mf{W : W No = S No }. 

Proof. Let W = inf{W : Wn = Sjv }• It is easy to prove that W is a stopping time. 
Let us show that h{0) Wo = h{0). Let W ^ T and 

W n = inf {t; h(0) t >n)AW ,T n = (W n ) {Wn<Wo} AT > W n . 

Then {T n > W n } = {W n = Wo} fl {Wo < T}. Thus (we take into consideration the behavior of 
A and the equality (Wo) No = Sn ) A^ = A^ n holds for to G {T n > W n }, and hence, it holds 
everywhere. Therefore, by theorem 1.3.17 [5], we have 

E[h(0) Wn ] = E[A° W J = E[A° T J = E[h(0) Tn ] < 00. 
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Since h(0) is the nondecreasing process, then ^.(0)^ = h(0)T n - In particular 

h(0) Wo = h(0) T on the set {W n = W } n {W Q < T}. (14) 
Since n is any integer and equality (fUj) is evidently true on the set {Wo = T}, then 
h(0) Wo = h(0) T on the set U„ {W n = W } = {h(0) Wo < oo}. 

If u E {h(0)w o = oo}, then h(0)w = /i(0)t = oo also. Thus h(0)w o = h(0)x Q-a.s. 

It remains to prove the minimality of Wo- The proof is by reductio ad absurdum. Let 
there exist a stopping time T of h(0) such that T ^ W and Q({T < W }) > 0. Then 
Q({T < W } fl AT ) > by the construction of W . Hence we have 

Q({T A S n < W A S n } n N ) > for some n. 

Then, by theorem 1.3.17 [5], we have 

E[/i(0) TA 5 n ] = EL4° A5 J < E[A° WoAS J = E[h(0) WoASn ). 

This contradicts to our choice of T. □ 

II. Calculation of the norm of the absolutely continuous part of fir- relative to v T - 

1) The case when T = oo and the time-set is M. 

For simplicity, we introduce the following notation 

( ~t~~~ ] dv n = H(a; //„, u n ) , a(a) = lim a n (a) , 6(a) = inf {a n (a)}. 

The following theorem is main. 

Theorem 5. Let T = oo and a G (0; 1). Then 

1. a(a) = H(a; /z, v). a(a) is continuous on (0; 1) and < a(a) < 1. 

£ a) fi -L v <=^ 3a G (0; 1) : a(a) = ^ a(a) = 
^ 3a G (0; 1) : b{a) = <£> 6(a) = 0. 

6j /i / v <^> 3a G (0; 1) : a(a) > a(a) > , Va G (0; 1) 
<=> 3a G (0; 1) : 6(a) > <=> 6(a) > , Va G (0; 1). 

cj ji ^ u ^ a n (a) — > 1, uniformly in n as a f 1. 
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d) fi ~ v <=> {a n (ot) — > 1, uniformly in n as a | 1} A {a n (a) — ► 1, 
uniformly in n as a j 0}. 

5. T/ze following equalities are true 

lim n^oo a n (a) = lim a(a) = ||// a ||, 

a-»l— a^l— 

where fi a is the absolutely continuous part of fi relative to v. 

4- The density fi a relative to v can be computed by the formula 

dfi a dfi n 

— — = lim — — , v-a.e. 

(lu n-*oo dv n 

For the proof of theorem [5] we need some propositions. 

Lemma 1. Let p be a Borel mapping from (X,Bx) to (Y,By) , fi be a measure on 
(X,Bx) and a be a part ofp(fi). Then there exists the part fi 1 of fi such that p(fi l ) = a (and 
p(fi — fi 1 ) -La). 

Proof. Set J = {7, where 7 is a part of fi such that ^(7) -La}. If J = 0, then fi 1 = fi 
and pi^fi 1 ) = a. If J 7^ , then each chain in J is bounded. By the Zorn lemma there exists a 
maximal element that we denote by fi 2 . Evidently this element is unique. Set fi 1 = fi — fi 2 . It 
is clear that fi 1 is the desired part of fi. □ 

Lemma 2. Let positive measures fi, v , fi and u Q be such that fi ~ v and fi + fio ~ v + z/ . 
Then for every a G (0; 1) the following inequality is true 

d ^ + ^ a d(u + u o) - [ (^Ydv\< 



x \ d(v + v ) J Jx \dv 

2iMr • Kir~ Q + 2ii/i ir • inr~ Q + ^oir • ini 1- * 



Proof. We represent fi and is in the form 



^0 — 1^1 + ^2, with fii < fi,fi 2 -L fi, 



Vq = V\ + ^2, with z/ x <C v, v 2 ~ /i2- 

Then 
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Using the inequality 1 < (1 + x) a < 1 + ax, (which is true for x > and a G [0; 1]); the 



Holder inequality and the fact that d ( 7l + 72 ) < 1, (71 + 72)-a.e., we receive: 



d(fi + no) 
d(v + v ) 



d(ii + fJLi) \ a 
d(v + v\) 



dv 



d(fjL + jii) \ 01 
d(v + vi) 



dv x + 



dfi^ 



dvo 



dv 2 . 



Let us consider each term separately. For 3 and 2 respectively we have: 



dv 2 J 
( d{n + (ii) \ a 

ydiu+ux)) 
+ Mill" • IK 



dfi 2 
dv 2 



dv 2 



dv< 



l-a 



iNriNr a <« 



l-a 



(15) 



(16) 



dv\ 

l-a 



d(fi + fii)\ a ( dv\ 



< 



dv\ 



+ iMn>i 



d{v + vi) 



I l-a 



< 



dv\ < 
Hi/ ll 1_a 



d(/j, + fit) \ a 



dv\ 



+ 



dv\ < 

l-a 



- here we used the inequality (x + y) a < x a + y a , which is true for x + y > 0, xy > 0, and the 
fact that ||/i + = fJ>{X) + fii(X). For the first term in (fT5l ). which we denote by Ii, we have 



d(fi + fxi) 
d(v + vi) 



dfi 



d(v + z/i) 



di/| 



d(v + z/i) 



di/|. (18) 



For simplicity, set 7 = v + v\. Since 7 ~ fi ~ /x + fii ~ 1/, for the first term in ([TBI we have 



d(fx + /ii) 
cf(z/ + ui) 



dfi 



d(v + ui) 



dv 



d(v + z/i) 



■d{v+vi) < J 



c?7 



(l-a) 



d(fi + /ii) 

l-a 



l-a 



d(fi + /ii) 



c?7 



d(/x + fii) 



l-a 



<i(/i + fii) 
d^y 

dfi\ 
dfi 



dfi 

dj 



dj 



l-a 



dfi\ < 



G?7 



d(/i + /ii) 



dfi 



-dfi+ [ 



c?7 



d{fi + fix) 



l-a 



d/ii = (2— a) 



<^7 



l-a 



(2 ) [ ( ^ 
J \dfii 



l-a 



rf^i < (2 - a)||//i| 



i - Q <2|| / i 1 ir-(iiz/|| i - Q + iiz/ 1 || i - Q ) < 



(i/ii < 



2\\fi \\ a -\W\\ 1 - a + 2\\fi \\ a -\\v \\ 1 - a . 
for the second term in (fT8l) we have 



(19) 



dfi 



dj 
dv 



dfi 

dj 



1 + ] - I ) dv < 

dv 



< a 



^-) Q .^dv<a I m dv x < 



d^i 



dv 



dfi 



dv\ 



a ■ lhl| 1_Q < 



I l-a 



(20) 



From inequalities (TT5l) - (l20l) the desired follows. □ 
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The proof of the following lemma is trivial. 

Lemma 3. Let f(x) > and f(x) G L 1 ^). Then the function g(a) = J x f a (x)dfi is 
continuous on the segment [0; 1] and < g(a) < ||/||2i- 

The following proposition has some independent interest. 
Proposition 2. Let < f n (x) — > f(x) and sup n J f n d\i < oo. Then 

I. The following chain of relations is true 

— JTi-o / fn( X ) d l i = J f( X ) d V < Imnr-tooj fn(x)dfl< 

lim^^ J f n (x)dn = limn^« o J f%(x)dfj,. 

II. The following statements are equivalent 

1. lim^oo / f n (x)dfx = f f(x)dfi = d. 

2. \imn^Jf%(x)dti=d. 

Let d n = J f n (x)d/i 7^ and f(x) ^ fi-a.e. Then 1 and 2 are equivalent to the following 

3. a) lim^oo d n = d ^ ; 

b) -4 f f%(x)dfi — > 1 uniformly in n as a | 1. 

Proof. We prove the first inequality in I. For simplicity, set A = f f(x)dfi and B = 
lim n _^ f f n (x)dfi. Let e > 0. By lemma [3] we can choose «o such that 

f a (x)dfx — J f(x)dfi\ < e/2 , a G (a ; 1). 

For a fixed a\ G (a ;l), we choose n x such that \f f^(x)dfi — f f ai (x)dfi\ < e/2. Then 
| / f£{x)dn - / f{x)dn\ < e. Hence A > B. 

Conversely. Let Uk — » oo, — > 1 — and J f®Hx)d/i — > B. Then, by the Lyapunov inequal- 
ity, [Jf^Jx)d^\ ak < [J fn^(x)df J ]—^. Letting i - oo, we have: [/ f^(x)dfx] 1/ak < B. 
Letting k — > oo, by lemma [3] , we receive A < B. 

The first inequality follows from the Fatou lemma. The second inequality is evident. We 
prove the last equality in I. For simplicity, we denote the first limit by C and the second limit 
by D. Evidently that C < D. Now we prove the inverse inequality. 
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Let rik — > oo and — > 1 — be such that J fn*( x )dn — ► D , as /c — > oo. Then, by the 
Lyapunov inequality, we have 



< J fn k {x)dH- 



Passing to the upper limit in k — > oo, we have: D < lim^oo J f nk (x)dfi < C. 
Now we prove II. The equivalence of 1 and 2 follows from I. 

2. =^> 3. Since 1 follows from 2, then the limit in a) exists and d ^ 0. Hence there exists the 
limit lim <£* = d ^ 0. Therefore there exists the limit of the fraction and 

a->l-0 n ' 



Let e > 0. Choose iV and aj such that 1-4 f f"(x)dfj, — 1| < e , Vn > AT, Wa G (cm; 1). 

By lemma [HI we can choose a > a\ such that |-4 f f^{x)djj, — 1| < e , Vn = 1, . . . , N. The 
last two inequalities prove the item b). 

3. =>■ 2. By item a), we have lim = d. Hence, by item 6), the limit of their product 

exists and 

lim f f:(x)dfi = d.D 

a— i-l— •/ 

Lemma 4. JTie following assertions are true 

as 

1) /i _L v <^ lim^oo = , where n\ is the absolutely continuous part of \x t relative to 

2) Let «o > 0, and Jx is the absolutely continuous part of fj, relative to v. Then 



lim 



I (£) a ^ - / (ff^H = uniformly on [a ; 1]. 



Proof. We shall prove the lemma for discrete time only. 

1) The sufficiency is evident. We prove the necessity. It is clear that the sequence \\ti\\\ is 
not increase. Set 

d= lim H/4H =inf \\/j} n \\. 

n—>oa 

By lemma [U there exists the part /i° of fi such that /j^\b„ = A*n- Then is a part of fi° n 
and = W^nW- Hence there exists the limit 

lim ||yU°|| = inf Wfi^W = d. 
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We must prove that d — 0. Let us assume the contrary and d > 0. Set 

oo 
n=fc 

Then /i is a nonzero part of /i such that 

oo 

m\ = h\\ - Edi^ii - iK+iii) = iim ikii = d > o. 

n=k 

Since /i„ = jl\s n <C ^n\B n — A*n ~ u n ^ v ni then /2 <C za It is a contradiction. 
2) Set/ n (a) = /(f^) Q ^ n . 

We can represent the measures /z n and v\ in the form: 

/4 = fin + + /i n , with /}* < /t n , p, 2 n ± fx n , 

V X n = vl + "I, With v\ ~ ^ ~ /£. 

Then fi\ + fi^ = /i* - fi n = - /i)|e„- Therefore 

lim ||/2* + /2*|| = lim - = 0. (21) 



By lemma [2] and the Holder inequality, the following evaluation is true 



<izA, / 7 \ dv„ i I \ dv\ 



Ml) U J \ di) n 



From this inequality and (1211 ). we receive the desired. The lemma is proved. □ 

The proof of theorem [5] we separate onto nine steps. Since in the first five steps a is 
fixed, we omit it. 

I. By the Holder inequality we have 

0<b<a n = j ^y^^lWr-lkll 1 -"- (22) 

II. Let us prove the follows: ifb>0 then fi JL u > the limit a exists and a > 0. 

Set f n (x) = ^f-(x). Then {f n (x)} forms a nonnegative martingale on (X, £>, z/). By the 
Doob theorem, there exist a limit f(x) = lim n ^oo / n (x), z/-a.e. . Hence 

f a (x) = lim f%(x), v- a.e. (23) 

n— >oo 

14 



Since 1/a > 1 and ||/"(^)||i/ a = WfiWi then the family of functions fn(x) is uniformly integrable. 
Therefore we can integrate equality (l23l) and take the limit outside the integral: 



f a (x)du(x) = lim / f£{x)dv(x 



n— »oo 



Hence, taking into account lemma 01 the limit a exists. Since 6 > then from (|22i) follows that 
a > 0. Therefore /(x) ^0 on a set of positive measure. Hence jl JL [T0].ch.VII.§6(l). 
III. Lei us prove iae follows: b > ^ fi JL v. 

The necessity was proved in item II. Let us prove the sufficiency Let \i JL v and 
/i = jl + /io, v = v + z/ , where /i ~ £ ^ 0, }j,q _L z/, z/ -L A*j 
is the Lebesque decomposition. Since /i n ~ i> n ^ 0, then 

= fin + H0,n JL V n + Z/() in = Z/ n , 

^ nV ^= / f ^±iO y^> / (fA a dv n >0. (24) 



.oV„/ J \ dv n J J \dv n/ 

Since the family of the functions f n (x) is a martingale and lim^oo f n (x) = > 0, z/-a.e. 
[10j,ch.VII,§6(l), then the family of the functions is uniformly integrable. Hence there 

exists a nonzero limit 

lim r(f±y d „„ = r(f) a d ^A> . 

n-^ooj \du n J J \dvj 

From this and lj24l) . it follows that 6 > 0. 

IV. Let us prove the follows: b > {i)a is well defined; {ii)a > 0. 

The necessity was proved in item II. For the proof it is enough to note that: if = for 
some N, then a n = for all n> N. 

V. Let us prove that: if b = 0, then a is well defined and equal to zero. 

Taking into account the remark in item IV, we shall assume that a n > 0,Vn G N. With 
the notation in lemma 01 if d — 0, then from fl22l . it follows that a — 0. If d > 0, then jl ^ 0. 
Taking into account item 2 of lemma 01 a is well defined (analogously as in item II) . Since 
6 = 0, then a = 0. 

Items I-V prove items 2(a) and 2(6) of the theorem. 

VI. According to lemma 01 we have 



am 



lim a n (a) = lim L n (a) = / f a {x)dv, Vcc G (0; 1) 

n— >oo n— >oo / 
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where f(x) is the density of the absolutely continuous part \i a of \i relative to v [T0].ch.VII.§6(l). 
Hence, by lemma El a(a) is continuous on (0; 1) and 

lim a(a) = \\fia\\- 

a— »1— 

Item 1 and the second equality of item 3 are proved. 

VII. Let us prove item 2(c). Let //<*/. Then [ID].ch.VII.§6(l). 

Therefore, by proposition [2] ,11, 3(b), a n (a) — > 1 uniformly in n as a j 1 . 

Conversely. Since a n (a) — >■ 1 uniformly as a | 1, hence a n (l) = J f n dv n = 1- Therefore 

Zoc „ 

<y and / n — > /. By proposition EJII, we have J f{x)dv = 1, i.e. fi <^u. 
Item 2(d) is an obvious corollary of item 2(c). 

VIII. Let us prove the first equality of item 3. Denote by A the lower limit. Since 

||/i a || = lim lim a n (a) > A, 

a— >1— n— +oo 

it is enough to prove that ||/x a || < A. 

Let rik — > oo and j 1 be such that a nfc («fc) — >■ A. Choose ko such that 

i 

ant M < A + e/2 if fc > fc . 
Then, by the Lyapunov inequality, we have 



< +i (a fe ) < a££ (« fc+J ) < A + e/2. 
Passing to infinity first in i and then in k, we obtain 

||/i a || = lim a^(a)<A + e/2. 

Q— +1 — 

Since e is arbitrary, then \\fi a \\ < A 

IX. Let us prove the last item of the theorem using the notations from lemma [Hand from 
item II of this proof. Denote by 

d[L n d(fil - fl n ) dfi n 

In = -i— , g n = j , then — = /„ + g n . 

dv n dv n dv n 

If we shall prove that g n — * 0, z/-a.e., then, taking into account that the desired will 

follow from [lO]3,ch.VII,§6(l). Since 

_ fin = - A)|B„ = (/^n _ /4l+l)|s„ + (^n+1 ~ fin+l)\l3 n , 
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then: 



+ E 



dv. 



n+l 



dv n dv n 

Hence g n form a supermartingale. Therefore g n — > g > 0. By equality fl21j) and proposition 
El we have 

/oaV < lim / g n dv = lim — = 0. 
Hence g = and theorem [3] is proved. □ 

Now we give a simple proof of the Kakutani alternative [8J (we formulate a more strong 
result). 

Theorem Let \i n and v n be probability measures on spaces X n and fi n -C u n . Set /i and v 
are their direct products on the direct products X of the spaces X n . Then: if the follows product 



n 

n=l 

converges then /j <C v , otherwise // J_ v. 
Proof. Set 



dfx r 

dv n 



dv n 



b n (a) 



dv n 



dv n , if n {a) = [b n (a)] 



l/a 



Then 



oo 

,fc=i 



On (a) = f]^n(«) , a(a) 

.k=l 

By lemma [3] and the Lyapunov inequality, (f n (a) is a nondecreasing function on [0, 5; 1] and 
(f n (l) = 1. Given product is equal to a(0, 5). Therefore: 

1) If the product converges, then a* (a) = Ulfcli V 9 "^)] * s a nondecreasing function on 
[0,5;1]. Hence a(a) is continuous and a(l) = 1. By item 3 of theorem 0, we have \i <C v. 

2) If the product diverges then a(0, 5) = 0. By item 2(a) of theorem El we have /i _L v. □ 
2) Computation of E[£ T |.F T _]. In the follows theorem we give a method of calculation 

of E[^r|^-r-] if we know only zq and the process z T ~ interrupted at the moment T . The proof 
of this theorem is based on an approximation of the stopping time T from below. 

Theorem 6. Let fi <C P and z be the density process. If0< T{uj) < oo then for all n we 
choose k n > such that T(cu) E (^^i f™] • Then P-a.e. 



E[z T |.F T _ 



z T , to E {T = 0} U {T = oo}, 



lim r 



Zh.„ 1 



27T \ 2™ <J -2^/ 



1"" 



, w G {0 < T < oo}. 



(25) 
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Let us denote by Kt{uj) a -measurable function 

1, u G B := {T = 0} U {T = 00} U {z T - = 0}, 



K t (uj) = < 



E 



lim r 



fen f fcn 1 



z fen-l ' 
2" 



1 2' 1 ^ — 2" 1 r ad 

1 2" 



, uo e n \ B. 



Then P-a.e. the following equality is true 



E[zt\Tt~] = zt- ■ Kt{oS). 



(26) 



Proof. We consider the following sets 

AZ = {0 = T}, A n k = {^<T}, fc = l,...,n2» + l. 
It is clear that if k > then A% G T T - and A\ D A% +1 . Set 

B- = Al = {0 = T} , ^ 2 „ +1 = A£ 2 „ +1 = {n < T}, 

5 fe n = ^\^ +1 = {^<T< A} jA; = l ) ... ) n2". 

Then B% form a finite partition of Q. The proof of the following lemma is trivial. 

Lemma 5. Let us denote by Go = To, and set Q n is the a-algebra generated by the families 
of sets T , Tk-i n Al , k = 1, . . . , n2 n + 1. T/zen 

1. Every set E E Q n can be uniquely represented in the form of disjoint union 

E = E U E x U • • • U £ n2 n +1 , (27) 
where E G H B% , £ fc G .Fk-i nB t n , fc = 1, . . . , n2 n + 1. 

2. T T - = VnGn- □ 

The restrictions of the measures \i and P on Q n we denote by \i! n and P' n respectively. By 
decomposition (1271) we have 

n2"+l n2 n +l 

A4 = /J ^Isjn^fc^, P'n = 2J Pls^n^fc-x- (28) 



18 



Now we need the following lemma. 

Lemma 6. Let fj, and v be measures on (Vt^F) such that jj, C ^. Let A G T and let Q be 
a a-subalgebra of J 7 . Set fj,' and v' are the restrictions of the measures /J,\n\A and u\q\a to the 
a -algebra Q fl (ft \ A). Then \il <C v' and 



dfx' E u [z\g]-E u [z-l A \g] 



dv> E^ll^-E^Ul^] 



nXA E V [Q\A\Q\ 



where z 



n\A 



dfi 
dv 



Proof. The proof we separate on two parts. 

I. Set: P(E) = fi(E\A),Q(E) = is(E\A),i>(E) = u{E),E G Q are the measures on (fi,<7). 
Then P < Q < v and 



dP E u [z\g}-E v [z-l A \g) „ 

dQ^= E um -E A l A \g] M -a-e. 



(29) 



Really. If E G g, then 



P(E) = fi(E) - fi(E ni)= / E v \z\g\dv- / z.l A di/ = 
/ E„[z|S]^- / E v \z ■ \ A \G\ti> = [ E v [z\g]-E v [z-l A \Q]du. 

J E J E JE 

Analogous calculation for Q gives us: Q(E) = f E E u [l\g] — E^[l A |^]dP. By the lemma from 
ch.II, §7, (8) [10J, we have equality (1291 ). 
II. It remains to prove that 

dn! dP 

(30) 



n\A 



d^' _ dP 
~dV ~ dQ 

If we put X x = X 2 = tt\ A,T X = TV\X X ,T 2 = Q n X 2 , Y x = Y 2 = fi,& =T,g 2 = g, then 
301 ) follows from the next result: 
Let in the following diagram 
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Ui 



T 7T 2 
(^2,^2) 



-^2 C Y 2 , T 2 = g 2 fl X 2 and tt 2 be an embedding. Then for all measures fi, u, \i <C u, on (Xi, J-'i) 
the following equality is true 

diiQi) _ d{i 2 o7Ti)(//) . 



dii(z/) d(i 2 O 7Ti)(z/) 



*2 
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Really. Let E G T 2 and E' G Q 2 be such that E' n X 2 = E (i.e. n 2 l {E') = E). By the 
formula of change of variables [10], ch. II, §6(7), and the equality (i 2 o ni)(v) = (tt 2 o i\){v), we 
have 

ii(fi)(E) = (tt 2 on) (//)(£') = (i 2 o7n)0x)(^) = 



d(i 2 O 7Ti)(/i) 



d(»2 ° TlXf) 



rf(z 2 O 7Ti)(/x) 

d(i 2 o 7ri)(i/) 



d(i 2 o 7Ti)(l/) 

and (13T1) follows. The lemma is proved. □ 

Now we complete the proof. By lemma [6] and (l28l) , we have 



ix 2 {x 2 ))dii(ij) 



dP' 



£ 

fc=i 



E 


2™ fc 


J~k-1 

2" 


E 


3f 


2" 





iBjf + ^ol{T=0} + ^nl{n.<T}- 



(32) 



Since 



(/J „ (/| , -, P-a.e., then ([25]) follows from (l32l . The correctness of the definition of Kt 
and equality (1261) follow from (1251) evidently. The theorem is proved. □ 

Since every martingale of the class (D) we can represent in the form of difference of two 
nonnegative martingales of the class (D), then theorem [6] is true in the general case. 
We shall formulate this theorem for the discrete case. 
Theorem 7. Let the time-set is N. Then the following formula is true 



E[zt\Ft-\ 



zr, uj e {T = 0} U {T = 00}, 

2 n l{T=n} p 7 re— 1 



E {T=n}\F n -i 



uj G {T = n}. 



(33) 



Remark 2. In particular, if T is predictable and a sequence {^4} is an announcing 
sequence for T, then the equality E^I^t-] = limz^ = zt- follows from (j25j ). 

Remark 3. The inclusion {zt- = 0} C | = o| (which is strict in the general case) 
follows from formula (l26l) . 



Remark 4- It is clear that we can represent zt- on {T < 00} in the form 



E 



lim 

n— >oo 



0fen 1 f fcn — 1 ^.rr^ 1 \ J~ fcn-1 

2™ 1 2™ ^ -""J 1 2 n 



E 



{^i < T < 00} 



(34) 



If to compare this expression with ( T25T ) we can see essential distinctions. In (12511 the set 
{^r± < T < |^} tends to the "point" {T = T(cj)}, but in (MD the set < T < 00} 

tends to the "interval" {T(cj) < T}. Hence, if the quotient Q({i < T})/P({t < T}), where 
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Q = ZooP(= (j,), tends to oo, as t — > oo, then we can expect that Zt- is not integrable. We shall 
demonstrate this on example 44, ch. V, [I]. 

Let S be a finite function on (fl, B). Set ^-" t (respectively is the a-algebra generated by 
S At, the set {S < t} D B and the atom {S > t} (respectively S and B). If P is a probability 
measure on (ft, J 70 ), let us denote by T t (respectively J 7 ) the cx-algebra generated by the a- 
algebra (respectively and P-null sets. Let Z be a nonnegative variable with E[Z] = 1. 
Set Q = ZP and let z be the density process. Let us compute zs- and E[zs|.Fs_]. Let us 
denote by 

F P (x) = P({S < x}) and let F Q {x) = Q({S < x}) = J Zl {s < x) dP 
be the distribution function of S relative to P and Q. Since {t < S} is an atom of Tt, then 



M{*<S} - Y^FUt) {t<s} ' L i {*+ft<5}K tJ ~ l-Fp(t) 



>(0 

P r -1 i r1 l-^qft + fe) 

^ L^+/iJ-{t+/i<s>K *J ~~ — i _ cT/vi — 1 {*<£}• 



-{t<S}5 



1 - Fp(t) 



Therefore for G {^r 1 < 5 < f^} we have 



zs- = lim 



it 

p[- 2 » 



^ , E[z 8 \Fs-] = lim 



fen "* 



fen 1 \ 



In particular, let f2 = R + , B = {0, Q}, S(u) = u,dP = e "du and Z = S 2 ■ e s ■ l{s>i}- Then 



F P (x) = 1 - e~ x , F Q (x) = ^1 - - ] 1 {1<X} , 
and simple computations give us 

zs- = e"l[o ; i] + -e w l(i;oo) , E[zs\ Fs-} = Z. 

Hence zs- is not integrable. □ 

3) General case. In this section we will prove some general theorems. 

Proof of theorem [3l Let us denote by u and v! the density processes of \i and v relative 
to Q. By theorem [5] and formula (1321 ). we get 



||(/iT-)a|| ^limj^- |y Zqz'I a l {T=0} dP + J z% 



/l— a-, 
n 



- ., l{n<T}^Pn + 



n2 n 

E 

k=l 



[Eq 


li k l}3 n 

2 n k 


2" 


a 


Eq 




J~k—l 

2™ 




l-a 


Eq 




J-k-i 

2" 





(35) 
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It is enough to prove that the integrals under signs of sum in (j5J) and (1351) are equal. Let Z be 
the density process of Q relative to P. Then z — u ■ Z,z' — u' ■ Z . Hence, by formula III. 3. 9, 
[5], we can assume that P = Q. Let us denote the integrand function in ([5|) and the integral 
([5]) by / and I respectively. By g and J we denote the denominator of the integrand function 
and the integral in (l35l) respectively. Then (see the diagram in the proof of lemma [6]) 



E 



/ . 

— ■ 1 R" 

9 



2" 



dQk^i = / fdQk-i 

2™ / 2™ 



The theorem is proved. □ 

Proof of theorem [4l Taking into account remark El theorem [4] is a simple corollary of 
theorem [71 □ 

Now we formulate theorem [5] when the time-set is M. 

loc loc 

Theorem 8. Let measures /j, } is and P on F = (Fn)) be such that jti < P,i/ < P. 

Set z and z' are the density processes of n and v relative to P respectively. Then for every 
stopping time T the following equality is true 

||(#r-)a|| =lhn™ o jy z^z'l~ a l {T=0} dP + J z"z' 1 ~ a l {n<T} dP n + 

f [E [^l{T=fc}|^-i]] Q [E [4l { T= fe} |^-i]] 1-a rfP fe -il, 
fc=l J J 

where (/iT-)a is the absolutely continuous part of fix- relative to vt~- 

In the following corollary the conditions of mutual absolutely continuity and singularity of 
measures [It and are given in terms of the Hellinger integrals. 

Corollary 1. Let \i and v be probability measures on (O, J 7 , F = (J 7 t))- Let a nondecreasing 
sequence {V n } of stopping times be such that lim n V n = oo. Then for every stopping time T the 
following equalities are true 

d\HT)a ,. dfi TAVn 



\\(jpr) a \\ = lim n ->°° H{a\ HTAV n , vtav„) , — = lim 



«— 1-0 dVx n^oo dlSTAVn 

where (fir) a is the absolutely continuous part of \i? relative to ut- 

Proof. It is easy to see that Tt = \j n ^T/\v n f° r every stopping time T. Set Q n = 
Ft/\V„iGoo = Ft, /4 = HTAV n y n = VTAVniH' = Ht,v = v T . Then the desired follows from 
theorem [51 □ 
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For the discrete case and V n = n we have. 

loc loc 

Corollary 2. Let measures n, v and P on (fi, J 7 , F = (J-' n )) be such that /i<P,i/<P. 
Then for every stopping time T the following equality is true 

"n-l 

||(/i T ) a || = lim „- 



V / F fc («)rfP fc + / Y n {a)oT, 

J{T=k} J{n<T} 



_ k=0 J {T=k} 

where (fir) a is the absolutely continuous part of ht relative to vt- 
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